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In Quantum Illumination (QI), a signal beam initially entangled with an idler beam held at the
receiver interrogates a target region bathed in thermal background light, and the returned beam is
jointly measured with the idler in order to determine whether a weakly reflecting target is present.
Using tools from quantum information theory, we derive lower bounds on the error probability
of detecting both specular and fading targets and on the mean squared error of estimating the
reflectance of a detected target, which are obeyed by any QI transmitter satisfying a signal energy
constraint. For bright thermal backgrounds, we show that the QI system using multiple copies
of low-brightness two-mode squeezed vacuum states is nearly optimal. More generally, our results
provide benchmarks for the best possible performance that can be expected from QI systems at all
wavelengths, and at all signal and background noise levels.
Quantum illumination (QI) is a quantum sensing proto-
col (see [1] for an overview of photonic quantum sensing)
introduced by Lloyd [2] in which entanglement shared be-
tween a signal beam interrogating a target region and a
locally held idler beam can be used to detect the presence
of a weakly reflecting target better than any strategy us-
ing only a signal beam of the same energy, i.e., average
photon number. In particular, Tan et al. showed that us-
ing multiple signal-idler modes prepared in the two-mode
squeezed vacuum (TMSV) state allows a 6 dB improve-
ment of the error probability exponent relative to a clas-
sical ladar (laser detection and ranging) system using the
same energy [3]. Surprisingly – and unlike other sensing
applications for which quantum advantage quickly dis-
appears in the presence of decoherence [4, 5] – this QI
advantage obtains when the target is bathed in back-
ground thermal radiation of brightness (i.e., per-mode
energy) NB  1, due to which the initial signal-idler
entanglement is lost. These results inspired much theo-
retical [6–14] and experimental [15–18] work in QI, most
of which is reviewed in the recent article [19]. Beyond the
continuous-variable bosonic setting, the original proposal
[2] has also been adapted to the discrete-variable setting
[20–22].
In this paper, we use tools from quantum information
[23] to investigate the fundamental limits of bosonic QI
systems in all regimes of signal and background noise
strength and allowing for all possible choices of quantum
states at the transmitter and quantum measurements at
the receiver. We first derive a lower bound on the average
error probability of any QI system that transmits an M -
mode signal beam entangled with locally held idler modes
under a total signal energy constraint NS . For NB  1,
we show that the scheme of [3] using independently and
identically distributed (iid) copies of TMSV states with
signal brightness NS ≡ NS/M  1 achieves the greatest
∗ nairanjith@gmail.com
error probability exponent allowed by quantum mechan-
ics, and that its near optimality persists for the detection
of targets exhibiting flat Rayleigh fading. We also show
that any QI system for estimating the reflectance of a
detected target has a mean squared error that is at least
half that suffered by the best classical ladar.
I. QI SETUP AND BACKGROUND
A general QI setup is depicted schematically in Fig. 1.
A transmitter prepares a quantum state of M entan-
gled signal (denoted S) modes (annihilation operators
{aˆ(m)S }Mm=1) and idler (denoted I) modes (annihilation
operators {aˆ(m)I }Mm=1). The signal modes interrogate a
target region which may contain a weakly reflecting tar-
get of reflectance η  1 bathed in background (denoted
B) noise (annihilation operators {aˆ(m)B }Mm=1). The anni-
hilation operators {aˆ(m)R }Mm=1 of the modes returned from
the target region, which may acquire an additional phase
shift φ, obey the relation
aˆ
(m)
R =
√
ηh e
iφ aˆ
(m)
S +
√
1− ηh aˆ(m)B . (1)
Here h = 0 (1) indicates the absence (presence) of a tar-
get, η0 = 0, and η1 = η. The two hypotheses are as-
signed prior probabilities {pih}1h=0. In order to focus on
the fundamental physical limits, we assume initially that
the target is specular and that the values of η and φ
are known to the receiver. As in previous works [6–14],
each background mode is assumed to be in a thermal
state ρth(N
(h)
B ) =
∑∞
n=0N
(h)
B
n
/
(
N
(h)
B + 1
)n+1
|n〉 〈n|B
({|n〉B} are number states of B) of brightness〈
aˆ
(m)†
B aˆ
(m)
B
〉
h
≡ N (h)B = NB/(1− ηh) (2)
under hypothesis h, where NB is a given nominal value
of the background brightness. (2) ensures that the two
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Joint  
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FIG. 1. General setup for QI: A state Ψ entangled between
M signal modes and idler modes is prepared. Each signal
mode aˆ
(m)
S interrogates a distant target region bathed in ther-
mal radiation aˆ
(m)
B which may contain a target of reflectance
η  1. The modes {aˆ(m)R }Mm=1 returned from the target re-
gion are measured jointly with the unperturbed idler modes
{aˆ(m)I }Mm=1 in order to decide whether or not the target was
present.
hypotheses are indistinguishable if a vacuum state is
transmitted. Since η  1 for standoff sensing, we have
N
(1)
B ' NB .
Let |n〉S denote a product number state of the M sig-
nal modes with n = (n1, . . . , nM ). The most general QI
strategy consists of preparing a pure quantum state
|ψ〉IS =
∑
n
√
pn |χn〉I |n〉S , (3)
of the IS system (called transmitter hereafter) subject
only to the total signal energy constraint
∑
n
pn(n1 + · · ·+ nM ) ≡
∞∑
n=0
n pn = NS . (4)
Here, {|χn〉I} is any normalized set of idler states and{pn} is the probability mass function of the total pho-
ton number n =
∑M
m=1 nm in the S modes. In the
Schro¨dinger picture, the evolution (1) corresponds to the
output density operators
ρh =
[
idI ⊗
(
Uφ ◦ Lηh,N(h)B
)⊗M]
(Ψ) , (5)
where Ψ = |ψ〉 〈ψ|IS , idI denotes the identity channel on
I, and the unitary phase-shift channel Uφ and the noisy
attenuator channel of transmittance ηh and added noise
N
(h)
B (see Fig. 2, [24]) Lηh,N(h)B act on each mode of S.
Note that ρ0 = (Tr S Ψ)⊗ρth(NB) regardless of the value
of φ.
The receiver makes the joint measurement on the re-
turned and idler modes with outcome hˇ ∈ {0, 1} that
minimizes the average error probability
Pe [ρ0, ρ1] = pi0PF + pi1PM , (6)
S
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<latexit sha1_base64="TZ6dp5tyCBo6NdZnLwRhzdKcg4s=">AAAB63icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL 3NJFmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1HFo8lrHpRMyCFBpaKFBCJzHAVCThMZrc5v7jExgrYv2A0wRCxUZaDAVnmEs9QNav1vy6PwddJUFBaqRAs1/96g1inirQyCWzthv4CYYZMyi4hFmll1pIGJ+wEX Qd1UyBDbP5rTN65pQBHcbGlUY6V39PZExZO1WR61QMx3bZy8X/vG6Kw+swEzpJETRfLBqmkmJM88fpQBjgKKeOMG6Eu5XyMTOMo4un4kIIll9eJe2LeuDXg/vLWuOmiKNMTsgpOScBuSINckeapEU4GZNn8krePOW9eO/ex6K15BUzx+QPvM8fCOKOOA==</latexit><latexit sha1_base64="TZ6dp5tyCBo6NdZnLwRhzdKcg4s=">AAAB63icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL 3NJFmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1HFo8lrHpRMyCFBpaKFBCJzHAVCThMZrc5v7jExgrYv2A0wRCxUZaDAVnmEs9QNav1vy6PwddJUFBaqRAs1/96g1inirQyCWzthv4CYYZMyi4hFmll1pIGJ+wEX Qd1UyBDbP5rTN65pQBHcbGlUY6V39PZExZO1WR61QMx3bZy8X/vG6Kw+swEzpJETRfLBqmkmJM88fpQBjgKKeOMG6Eu5XyMTOMo4un4kIIll9eJe2LeuDXg/vLWuOmiKNMTsgpOScBuSINckeapEU4GZNn8krePOW9eO/ex6K15BUzx+QPvM8fCOKOOA==</latexit><latexit sha1_base64="TZ6dp5tyCBo6NdZnLwRhzdKcg4s=">AAAB63icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL 3NJFmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1HFo8lrHpRMyCFBpaKFBCJzHAVCThMZrc5v7jExgrYv2A0wRCxUZaDAVnmEs9QNav1vy6PwddJUFBaqRAs1/96g1inirQyCWzthv4CYYZMyi4hFmll1pIGJ+wEX Qd1UyBDbP5rTN65pQBHcbGlUY6V39PZExZO1WR61QMx3bZy8X/vG6Kw+swEzpJETRfLBqmkmJM88fpQBjgKKeOMG6Eu5XyMTOMo4un4kIIll9eJe2LeuDXg/vLWuOmiKNMTsgpOScBuSINckeapEU4GZNn8krePOW9eO/ex6K15BUzx+QPvM8fCOKOOA==</latexit><latexit sha1_base64="TZ6dp5tyCBo6NdZnLwRhzdKcg4s=">AAAB63icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL 3NJFmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1HFo8lrHpRMyCFBpaKFBCJzHAVCThMZrc5v7jExgrYv2A0wRCxUZaDAVnmEs9QNav1vy6PwddJUFBaqRAs1/96g1inirQyCWzthv4CYYZMyi4hFmll1pIGJ+wEX Qd1UyBDbP5rTN65pQBHcbGlUY6V39PZExZO1WR61QMx3bZy8X/vG6Kw+swEzpJETRfLBqmkmJM88fpQBjgKKeOMG6Eu5XyMTOMo4un4kIIll9eJe2LeuDXg/vLWuOmiKNMTsgpOScBuSINckeapEU4GZNn8krePOW9eO/ex6K15BUzx+QPvM8fCOKOOA==</latexit>
⇢th(N)
<latexit sha1_base64="9UFs8o1Vq5MdQKJ3ul6o+XilNh0=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURQZdFN66kgn1AE8JkOmmGTh7M3IglB PwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee/xUcAWW9W0sLa+srq1XNqqbW9s7u+befkclmaSsTRORyJ5PFBM8Zm3gIFgvlYxEvmBdf3Q98bsPTCqexPcwTpkbkWHMA04JaMkzDx0ZJl7uAHsEFeQQFkX99tQza1bDmgIvErskNVSi5ZlfziChWcRioIIo1betFNycSOBUsKLqZIqlhI7IkPU1jUnElJtPzy/wiVYGOEi krhjwVP09kZNIqXHk686IQKjmvYn4n9fPILh0cx6nGbCYzhYFmcCQ4EkWeMAloyDGmhAqub4V05BIQkEnVtUh2PMvL5LOWcO2Gvbdea15VcZRQUfoGNWRjS5QE92gFmojinL0jF7Rm/FkvBjvxsesdckoZw7QHxifP6RbleY=</latexit><latexit sha1_base64="9UFs8o1Vq5MdQKJ3ul6o+XilNh0=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURQZdFN66kgn1AE8JkOmmGTh7M3IglB PwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee/xUcAWW9W0sLa+srq1XNqqbW9s7u+befkclmaSsTRORyJ5PFBM8Zm3gIFgvlYxEvmBdf3Q98bsPTCqexPcwTpkbkWHMA04JaMkzDx0ZJl7uAHsEFeQQFkX99tQza1bDmgIvErskNVSi5ZlfziChWcRioIIo1betFNycSOBUsKLqZIqlhI7IkPU1jUnElJtPzy/wiVYGOEi krhjwVP09kZNIqXHk686IQKjmvYn4n9fPILh0cx6nGbCYzhYFmcCQ4EkWeMAloyDGmhAqub4V05BIQkEnVtUh2PMvL5LOWcO2Gvbdea15VcZRQUfoGNWRjS5QE92gFmojinL0jF7Rm/FkvBjvxsesdckoZw7QHxifP6RbleY=</latexit><latexit sha1_base64="9UFs8o1Vq5MdQKJ3ul6o+XilNh0=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURQZdFN66kgn1AE8JkOmmGTh7M3IglB PwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee/xUcAWW9W0sLa+srq1XNqqbW9s7u+befkclmaSsTRORyJ5PFBM8Zm3gIFgvlYxEvmBdf3Q98bsPTCqexPcwTpkbkWHMA04JaMkzDx0ZJl7uAHsEFeQQFkX99tQza1bDmgIvErskNVSi5ZlfziChWcRioIIo1betFNycSOBUsKLqZIqlhI7IkPU1jUnElJtPzy/wiVYGOEi krhjwVP09kZNIqXHk686IQKjmvYn4n9fPILh0cx6nGbCYzhYFmcCQ4EkWeMAloyDGmhAqub4V05BIQkEnVtUh2PMvL5LOWcO2Gvbdea15VcZRQUfoGNWRjS5QE92gFmojinL0jF7Rm/FkvBjvxsesdckoZw7QHxifP6RbleY=</latexit><latexit sha1_base64="9UFs8o1Vq5MdQKJ3ul6o+XilNh0=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURQZdFN66kgn1AE8JkOmmGTh7M3IglB PwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee/xUcAWW9W0sLa+srq1XNqqbW9s7u+befkclmaSsTRORyJ5PFBM8Zm3gIFgvlYxEvmBdf3Q98bsPTCqexPcwTpkbkWHMA04JaMkzDx0ZJl7uAHsEFeQQFkX99tQza1bDmgIvErskNVSi5ZlfziChWcRioIIo1betFNycSOBUsKLqZIqlhI7IkPU1jUnElJtPzy/wiVYGOEi krhjwVP09kZNIqXHk686IQKjmvYn4n9fPILh0cx6nGbCYzhYFmcCQ4EkWeMAloyDGmhAqub4V05BIQkEnVtUh2PMvL5LOWcO2Gvbdea15VcZRQUfoGNWRjS5QE92gFmojinL0jF7Rm/FkvBjvxsesdckoZw7QHxifP6RbleY=</latexit>
aˆS
<latexit sha1_base64="z4LIqVTpnzGr/4Tbx5cwFpTsnMo=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnRxEg SwtxmL1myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwFewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q 205FWxS6qSGJUhHOGBtRxVKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn 8A60WQeA==</latexit><latexit sha1_base64="z4LIqVTpnzGr/4Tbx5cwFpTsnMo=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnRxEg SwtxmL1myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwFewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q 205FWxS6qSGJUhHOGBtRxVKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn 8A60WQeA==</latexit><latexit sha1_base64="z4LIqVTpnzGr/4Tbx5cwFpTsnMo=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnRxEg SwtxmL1myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwFewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q 205FWxS6qSGJUhHOGBtRxVKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn 8A60WQeA==</latexit><latexit sha1_base64="z4LIqVTpnzGr/4Tbx5cwFpTsnMo=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnRxEg SwtxmL1myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwFewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q 205FWxS6qSGJUhHOGBtRxVKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn 8A60WQeA==</latexit>
aˆR
<latexit sha1_base64="KoWEUmVZb3WnniCbwEdb89y2UlY=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnFxEgSwtxmL1 myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwFewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q205FWxS6qSGJUhHOGBtRx VKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn8A6cGQdw==</latexit><latexit sha1_base64="KoWEUmVZb3WnniCbwEdb89y2UlY=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnFxEgSwtxmL1 myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwFewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q205FWxS6qSGJUhHOGBtRx VKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn8A6cGQdw==</latexit><latexit sha1_base64="KoWEUmVZb3WnniCbwEdb89y2UlY=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnFxEgSwtxmL1 myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwFewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q205FWxS6qSGJUhHOGBtRx VKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn8A6cGQdw==</latexit><latexit sha1_base64="KoWEUmVZb3WnniCbwEdb89y2UlY=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnFxEgSwtxmL1 myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwFewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q205FWxS6qSGJUhHOGBtRx VKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn8A6cGQdw==</latexit>
aˆB
<latexit sha1_base64="n7HSzPwaKfmE4DFLyxABpE0ppVA=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9BjixWME85BkCb2TST JkZnaZ6RXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNk4N4w0Wy9i0I7BcCs0bKFDydmI4qEjyVjS+nfmtJ26siPUDThIeKhhqMRAM0EmP3RFgBtNerVcq+xV/DrpKgpyUSY56r/TV7ccsVVwjk2BtJ/ATDDMwKJjk02I3tTwBNoYh7ziqQX EbZvODp/TcKX06iI0rjXSu/p7IQFk7UZHrVIAju+zNxP+8ToqDmzATOkmRa7ZYNEglxZjOvqd9YThDOXEEmBHuVspGYIChy6joQgiWX14lzctK4FeC+6tytZbHUSCn5IxckIBckyq5I3XSIIwo8kxeyZtnvBfv3ftYtK55+cwJ+QPv8wfRgZBn</latexit><latexit sha1_base64="n7HSzPwaKfmE4DFLyxABpE0ppVA=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9BjixWME85BkCb2TST JkZnaZ6RXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNk4N4w0Wy9i0I7BcCs0bKFDydmI4qEjyVjS+nfmtJ26siPUDThIeKhhqMRAM0EmP3RFgBtNerVcq+xV/DrpKgpyUSY56r/TV7ccsVVwjk2BtJ/ATDDMwKJjk02I3tTwBNoYh7ziqQX EbZvODp/TcKX06iI0rjXSu/p7IQFk7UZHrVIAju+zNxP+8ToqDmzATOkmRa7ZYNEglxZjOvqd9YThDOXEEmBHuVspGYIChy6joQgiWX14lzctK4FeC+6tytZbHUSCn5IxckIBckyq5I3XSIIwo8kxeyZtnvBfv3ftYtK55+cwJ+QPv8wfRgZBn</latexit><latexit sha1_base64="n7HSzPwaKfmE4DFLyxABpE0ppVA=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9BjixWME85BkCb2TST JkZnaZ6RXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNk4N4w0Wy9i0I7BcCs0bKFDydmI4qEjyVjS+nfmtJ26siPUDThIeKhhqMRAM0EmP3RFgBtNerVcq+xV/DrpKgpyUSY56r/TV7ccsVVwjk2BtJ/ATDDMwKJjk02I3tTwBNoYh7ziqQX EbZvODp/TcKX06iI0rjXSu/p7IQFk7UZHrVIAju+zNxP+8ToqDmzATOkmRa7ZYNEglxZjOvqd9YThDOXEEmBHuVspGYIChy6joQgiWX14lzctK4FeC+6tytZbHUSCn5IxckIBckyq5I3XSIIwo8kxeyZtnvBfv3ftYtK55+cwJ+QPv8wfRgZBn</latexit><latexit sha1_base64="n7HSzPwaKfmE4DFLyxABpE0ppVA=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9BjixWME85BkCb2TST JkZnaZ6RXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNk4N4w0Wy9i0I7BcCs0bKFDydmI4qEjyVjS+nfmtJ26siPUDThIeKhhqMRAM0EmP3RFgBtNerVcq+xV/DrpKgpyUSY56r/TV7ccsVVwjk2BtJ/ATDDMwKJjk02I3tTwBNoYh7ziqQX EbZvODp/TcKX06iI0rjXSu/p7IQFk7UZHrVIAju+zNxP+8ToqDmzATOkmRa7ZYNEglxZjOvqd9YThDOXEEmBHuVspGYIChy6joQgiWX14lzctK4FeC+6tytZbHUSCn5IxckIBckyq5I3XSIIwo8kxeyZtnvBfv3ftYtK55+cwJ+QPv8wfRgZBn</latexit>
aˆR
<latexit sha1_base64="KoWEUmVZb3WnniCbwEdb89y2UlY=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnFxEgSwtxmL1myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwF ewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q205FWxS6qSGJUhHOGBtRxVKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn8A6cGQdw==</latexit><latexit sha1_base64="KoWEUmVZb3WnniCbwEdb89y2UlY=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnFxEgSwtxmL1myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwF ewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q205FWxS6qSGJUhHOGBtRxVKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn8A6cGQdw==</latexit><latexit sha1_base64="KoWEUmVZb3WnniCbwEdb89y2UlY=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnFxEgSwtxmL1myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwF ewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q205FWxS6qSGJUhHOGBtRxVKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn8A6cGQdw==</latexit><latexit sha1_base64="KoWEUmVZb3WnniCbwEdb89y2UlY=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnFxEgSwtxmL1myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwF ewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q205FWxS6qSGJUhHOGBtRxVKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn8A6cGQdw==</latexit>
aˆS
<latexit sha1_base64="z4LIqVTpnzGr/4Tbx5cwFpTsnMo=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnRxEg SwtxmL1myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwFewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q 205FWxS6qSGJUhHOGBtRxVKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn 8A60WQeA==</latexit><latexit sha1_base64="z4LIqVTpnzGr/4Tbx5cwFpTsnMo=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnRxEg SwtxmL1myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwFewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q 205FWxS6qSGJUhHOGBtRxVKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn 8A60WQeA==</latexit><latexit sha1_base64="z4LIqVTpnzGr/4Tbx5cwFpTsnMo=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnRxEg SwtxmL1myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwFewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q 205FWxS6qSGJUhHOGBtRxVKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn 8A60WQeA==</latexit><latexit sha1_base64="z4LIqVTpnzGr/4Tbx5cwFpTsnMo=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnRxEg SwtxmL1myu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdCtEwwRVrWG4FayWaoQwFewhH11P/4Ylpw2N1b8cJ60ocKB5xitZJj50h2gwnvbteueJX/RnIMglyUoEc9V75q9OPaSqZslSgMe3AT2w3Q 205FWxS6qSGJUhHOGBtRxVKZrrZ7OAJOXFKn0SxdqUsmam/JzKUxoxl6Dol2qFZ9Kbif147tdFlN+MqSS1TdL4oSgWxMZl+T/pcM2rF2BGkmrtbCR2iRmpdRiUXQrD48jJpnlUDvxrcnldqV3kcRTiCYziFAC6gBjdQhwZQkPAMr/Dmae/Fe/c+5q0FL585hD/wPn 8A60WQeA==</latexit>
|0i
<latexit sha1_base64="/MJQwgEG7xIZsLrqHRu3CYX1cLs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoigh6LXjxWsB/QhLLZTtKlm03YnQglFvwrXjwo4tXf4c1/ Y9LmoK0PBh7vzTAzz08E12jb30ZlZXVtfaO6Wdva3tndM/cPOjpOFYM2i0Wsej7VILiENnIU0EsU0MgX0PXHN4XffQCleSzvcZKAF9FQ8oAzirk0MI9cAQE+2q7i4QhdRWUooDYw63bDnsFaJk5J6qREa2B+ucOYpRFIZIJq3XfsBL2MKuRMwLTmphoSysY0hH5OJY1Ae9ns/Kl1mitDK4hVXhKtmfp7IqOR1pPIzzsjiiO96BXif14/xeDKy7hMUgTJ5o uCVFgYW0UW1pArYCgmOaFM8fxWi42oogzzxIoQnMWXl0nnvOHYDefuot68LuOokmNyQs6IQy5Jk9ySFmkTRjLyTF7Jm/FkvBjvxse8tWKUM4fkD4zPHxKAlYk=</latexit><latexit sha1_base64="/MJQwgEG7xIZsLrqHRu3CYX1cLs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoigh6LXjxWsB/QhLLZTtKlm03YnQglFvwrXjwo4tXf4c1/ Y9LmoK0PBh7vzTAzz08E12jb30ZlZXVtfaO6Wdva3tndM/cPOjpOFYM2i0Wsej7VILiENnIU0EsU0MgX0PXHN4XffQCleSzvcZKAF9FQ8oAzirk0MI9cAQE+2q7i4QhdRWUooDYw63bDnsFaJk5J6qREa2B+ucOYpRFIZIJq3XfsBL2MKuRMwLTmphoSysY0hH5OJY1Ae9ns/Kl1mitDK4hVXhKtmfp7IqOR1pPIzzsjiiO96BXif14/xeDKy7hMUgTJ5o uCVFgYW0UW1pArYCgmOaFM8fxWi42oogzzxIoQnMWXl0nnvOHYDefuot68LuOokmNyQs6IQy5Jk9ySFmkTRjLyTF7Jm/FkvBjvxse8tWKUM4fkD4zPHxKAlYk=</latexit><latexit sha1_base64="/MJQwgEG7xIZsLrqHRu3CYX1cLs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoigh6LXjxWsB/QhLLZTtKlm03YnQglFvwrXjwo4tXf4c1/ Y9LmoK0PBh7vzTAzz08E12jb30ZlZXVtfaO6Wdva3tndM/cPOjpOFYM2i0Wsej7VILiENnIU0EsU0MgX0PXHN4XffQCleSzvcZKAF9FQ8oAzirk0MI9cAQE+2q7i4QhdRWUooDYw63bDnsFaJk5J6qREa2B+ucOYpRFIZIJq3XfsBL2MKuRMwLTmphoSysY0hH5OJY1Ae9ns/Kl1mitDK4hVXhKtmfp7IqOR1pPIzzsjiiO96BXif14/xeDKy7hMUgTJ5o uCVFgYW0UW1pArYCgmOaFM8fxWi42oogzzxIoQnMWXl0nnvOHYDefuot68LuOokmNyQs6IQy5Jk9ySFmkTRjLyTF7Jm/FkvBjvxse8tWKUM4fkD4zPHxKAlYk=</latexit><latexit sha1_base64="/MJQwgEG7xIZsLrqHRu3CYX1cLs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoigh6LXjxWsB/QhLLZTtKlm03YnQglFvwrXjwo4tXf4c1/ Y9LmoK0PBh7vzTAzz08E12jb30ZlZXVtfaO6Wdva3tndM/cPOjpOFYM2i0Wsej7VILiENnIU0EsU0MgX0PXHN4XffQCleSzvcZKAF9FQ8oAzirk0MI9cAQE+2q7i4QhdRWUooDYw63bDnsFaJk5J6qREa2B+ucOYpRFIZIJq3XfsBL2MKuRMwLTmphoSysY0hH5OJY1Ae9ns/Kl1mitDK4hVXhKtmfp7IqOR1pPIzzsjiiO96BXif14/xeDKy7hMUgTJ5o uCVFgYW0UW1pArYCgmOaFM8fxWi42oogzzxIoQnMWXl0nnvOHYDefuot68LuOokmNyQs6IQy5Jk9ySFmkTRjLyTF7Jm/FkvBjvxse8tWKUM4fkD4zPHxKAlYk=</latexit>
|0i
<latexit sha1_base64="/MJQwgEG7xIZsLrqHRu3CYX1cLs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoigh6LXjxWsB/QhLLZTtKlm03YnQglFvwrXjwo4tXf4c1/ Y9LmoK0PBh7vzTAzz08E12jb30ZlZXVtfaO6Wdva3tndM/cPOjpOFYM2i0Wsej7VILiENnIU0EsU0MgX0PXHN4XffQCleSzvcZKAF9FQ8oAzirk0MI9cAQE+2q7i4QhdRWUooDYw63bDnsFaJk5J6qREa2B+ucOYpRFIZIJq3XfsBL2MKuRMwLTmphoSysY0hH5OJY1Ae9ns/Kl1mitDK4hVXhKtmfp7IqOR1pPIzzsjiiO96BXif14/xeDKy7hMUgTJ5o uCVFgYW0UW1pArYCgmOaFM8fxWi42oogzzxIoQnMWXl0nnvOHYDefuot68LuOokmNyQs6IQy5Jk9ySFmkTRjLyTF7Jm/FkvBjvxse8tWKUM4fkD4zPHxKAlYk=</latexit><latexit sha1_base64="/MJQwgEG7xIZsLrqHRu3CYX1cLs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoigh6LXjxWsB/QhLLZTtKlm03YnQglFvwrXjwo4tXf4c1/ Y9LmoK0PBh7vzTAzz08E12jb30ZlZXVtfaO6Wdva3tndM/cPOjpOFYM2i0Wsej7VILiENnIU0EsU0MgX0PXHN4XffQCleSzvcZKAF9FQ8oAzirk0MI9cAQE+2q7i4QhdRWUooDYw63bDnsFaJk5J6qREa2B+ucOYpRFIZIJq3XfsBL2MKuRMwLTmphoSysY0hH5OJY1Ae9ns/Kl1mitDK4hVXhKtmfp7IqOR1pPIzzsjiiO96BXif14/xeDKy7hMUgTJ5o uCVFgYW0UW1pArYCgmOaFM8fxWi42oogzzxIoQnMWXl0nnvOHYDefuot68LuOokmNyQs6IQy5Jk9ySFmkTRjLyTF7Jm/FkvBjvxse8tWKUM4fkD4zPHxKAlYk=</latexit><latexit sha1_base64="/MJQwgEG7xIZsLrqHRu3CYX1cLs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoigh6LXjxWsB/QhLLZTtKlm03YnQglFvwrXjwo4tXf4c1/ Y9LmoK0PBh7vzTAzz08E12jb30ZlZXVtfaO6Wdva3tndM/cPOjpOFYM2i0Wsej7VILiENnIU0EsU0MgX0PXHN4XffQCleSzvcZKAF9FQ8oAzirk0MI9cAQE+2q7i4QhdRWUooDYw63bDnsFaJk5J6qREa2B+ucOYpRFIZIJq3XfsBL2MKuRMwLTmphoSysY0hH5OJY1Ae9ns/Kl1mitDK4hVXhKtmfp7IqOR1pPIzzsjiiO96BXif14/xeDKy7hMUgTJ5o uCVFgYW0UW1pArYCgmOaFM8fxWi42oogzzxIoQnMWXl0nnvOHYDefuot68LuOokmNyQs6IQy5Jk9ySFmkTRjLyTF7Jm/FkvBjvxse8tWKUM4fkD4zPHxKAlYk=</latexit><latexit sha1_base64="/MJQwgEG7xIZsLrqHRu3CYX1cLs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoigh6LXjxWsB/QhLLZTtKlm03YnQglFvwrXjwo4tXf4c1/ Y9LmoK0PBh7vzTAzz08E12jb30ZlZXVtfaO6Wdva3tndM/cPOjpOFYM2i0Wsej7VILiENnIU0EsU0MgX0PXHN4XffQCleSzvcZKAF9FQ8oAzirk0MI9cAQE+2q7i4QhdRWUooDYw63bDnsFaJk5J6qREa2B+ucOYpRFIZIJq3XfsBL2MKuRMwLTmphoSysY0hH5OJY1Ae9ns/Kl1mitDK4hVXhKtmfp7IqOR1pPIzzsjiiO96BXif14/xeDKy7hMUgTJ5o uCVFgYW0UW1pArYCgmOaFM8fxWi42oogzzxIoQnMWXl0nnvOHYDefuot68LuOokmNyQs6IQy5Jk9ySFmkTRjLyTF7Jm/FkvBjvxse8tWKUM4fkD4zPHxKAlYk=</latexit>
⌘˜
<latexit sha1_base64="4hKWa6nU8eU/efua92TjnK1bV38=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUD abSbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmVtfWNzq7pd29nd2z+oHx51TZprDh2eylT3QmZACgUdFCihl2lgSSjhMRzfzvzHJ9BGpOoBJxkECRsqEQvO0Eq+j0JGUPiAbDqoN9ymOwddJV5JGqREe1D/8qOU5wko5JIZ0/fcDIOCaRRcwrTm5w YyxsdsCH1LFUvABMX85ik9s0pE41TbUkjn6u+JgiXGTJLQdiYMR2bZm4n/ef0c4+ugECrLERRfLIpzSTGlswBoJDRwlBNLGNfC3kr5iGnG0cZUsyF4yy+vku5F03Ob3v1lo3VTxlElJ+SUnBOPXJEWuSNt0iGcZOSZvJI3J3denHfnY9FaccqZY/IHzucPcACR7g==</lat exit><latexit sha1_base64="4hKWa6nU8eU/efua92TjnK1bV38=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUD abSbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmVtfWNzq7pd29nd2z+oHx51TZprDh2eylT3QmZACgUdFCihl2lgSSjhMRzfzvzHJ9BGpOoBJxkECRsqEQvO0Eq+j0JGUPiAbDqoN9ymOwddJV5JGqREe1D/8qOU5wko5JIZ0/fcDIOCaRRcwrTm5w YyxsdsCH1LFUvABMX85ik9s0pE41TbUkjn6u+JgiXGTJLQdiYMR2bZm4n/ef0c4+ugECrLERRfLIpzSTGlswBoJDRwlBNLGNfC3kr5iGnG0cZUsyF4yy+vku5F03Ob3v1lo3VTxlElJ+SUnBOPXJEWuSNt0iGcZOSZvJI3J3denHfnY9FaccqZY/IHzucPcACR7g==</lat exit><latexit sha1_base64="4hKWa6nU8eU/efua92TjnK1bV38=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUD abSbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmVtfWNzq7pd29nd2z+oHx51TZprDh2eylT3QmZACgUdFCihl2lgSSjhMRzfzvzHJ9BGpOoBJxkECRsqEQvO0Eq+j0JGUPiAbDqoN9ymOwddJV5JGqREe1D/8qOU5wko5JIZ0/fcDIOCaRRcwrTm5w YyxsdsCH1LFUvABMX85ik9s0pE41TbUkjn6u+JgiXGTJLQdiYMR2bZm4n/ef0c4+ugECrLERRfLIpzSTGlswBoJDRwlBNLGNfC3kr5iGnG0cZUsyF4yy+vku5F03Ob3v1lo3VTxlElJ+SUnBOPXJEWuSNt0iGcZOSZvJI3J3denHfnY9FaccqZY/IHzucPcACR7g==</lat exit><latexit sha1_base64="4hKWa6nU8eU/efua92TjnK1bV38=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUD abSbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmVtfWNzq7pd29nd2z+oHx51TZprDh2eylT3QmZACgUdFCihl2lgSSjhMRzfzvzHJ9BGpOoBJxkECRsqEQvO0Eq+j0JGUPiAbDqoN9ymOwddJV5JGqREe1D/8qOU5wko5JIZ0/fcDIOCaRRcwrTm5w YyxsdsCH1LFUvABMX85ik9s0pE41TbUkjn6u+JgiXGTJLQdiYMR2bZm4n/ef0c4+ugECrLERRfLIpzSTGlswBoJDRwlBNLGNfC3kr5iGnG0cZUsyF4yy+vku5F03Ob3v1lo3VTxlElJ+SUnBOPXJEWuSNt0iGcZOSZvJI3J3denHfnY9FaccqZY/IHzucPcACR7g==</lat exit>
G
<latexit sha1_base64="tUjvE4wkWRlcVIxRgxZQP+zWaG8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frr hVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHm/WMyw==</latexit><latexit sha1_base64="tUjvE4wkWRlcVIxRgxZQP+zWaG8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frr hVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHm/WMyw==</latexit><latexit sha1_base64="tUjvE4wkWRlcVIxRgxZQP+zWaG8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frr hVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHm/WMyw==</latexit><latexit sha1_base64="tUjvE4wkWRlcVIxRgxZQP+zWaG8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frr hVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHm/WMyw==</latexit>
AG
<latexit sha1_base64="xwVdA2HkGDAga+rOze+IHbto+DU=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi6LLqQpcV7APaECbTSTt0MgkzE6GGfI kbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7l7N3j/oqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWLxoKcJ9SI8EixkBGsj+XZtEGE9JphnV7mf3ea+XXcazgxombglqUOJlm9/DYYxSSMqNOFYqb7rJNrLsNSMcJpXB6miCSYTPKJ9QwWOqPKyWfAcnRhliMJYmic0mqm/Nz IcKTWNAjNZxFSLXiH+5/VTHV56GRNJqqkg80NhypGOUdECGjJJieZTQzCRzGRFZIwlJtp0VTUluItfXiads4brNNz783rzuqyjAkdwDKfgwgU04Q5a0AYCKTzDK7xZT9aL9W59zEdXrHLnEP7A+vwBA7mTTg==</latexit><latexit sha1_base64="xwVdA2HkGDAga+rOze+IHbto+DU=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi6LLqQpcV7APaECbTSTt0MgkzE6GGfI kbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7l7N3j/oqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWLxoKcJ9SI8EixkBGsj+XZtEGE9JphnV7mf3ea+XXcazgxombglqUOJlm9/DYYxSSMqNOFYqb7rJNrLsNSMcJpXB6miCSYTPKJ9QwWOqPKyWfAcnRhliMJYmic0mqm/Nz IcKTWNAjNZxFSLXiH+5/VTHV56GRNJqqkg80NhypGOUdECGjJJieZTQzCRzGRFZIwlJtp0VTUluItfXiads4brNNz783rzuqyjAkdwDKfgwgU04Q5a0AYCKTzDK7xZT9aL9W59zEdXrHLnEP7A+vwBA7mTTg==</latexit><latexit sha1_base64="xwVdA2HkGDAga+rOze+IHbto+DU=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi6LLqQpcV7APaECbTSTt0MgkzE6GGfI kbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7l7N3j/oqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWLxoKcJ9SI8EixkBGsj+XZtEGE9JphnV7mf3ea+XXcazgxombglqUOJlm9/DYYxSSMqNOFYqb7rJNrLsNSMcJpXB6miCSYTPKJ9QwWOqPKyWfAcnRhliMJYmic0mqm/Nz IcKTWNAjNZxFSLXiH+5/VTHV56GRNJqqkg80NhypGOUdECGjJJieZTQzCRzGRFZIwlJtp0VTUluItfXiads4brNNz783rzuqyjAkdwDKfgwgU04Q5a0AYCKTzDK7xZT9aL9W59zEdXrHLnEP7A+vwBA7mTTg==</latexit><latexit sha1_base64="xwVdA2HkGDAga+rOze+IHbto+DU=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi6LLqQpcV7APaECbTSTt0MgkzE6GGfI kbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtON8Wyura+sbm5Wt6vbO7l7N3j/oqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BR+95FKxWLxoKcJ9SI8EixkBGsj+XZtEGE9JphnV7mf3ea+XXcazgxombglqUOJlm9/DYYxSSMqNOFYqb7rJNrLsNSMcJpXB6miCSYTPKJ9QwWOqPKyWfAcnRhliMJYmic0mqm/Nz IcKTWNAjNZxFSLXiH+5/VTHV56GRNJqqkg80NhypGOUdECGjJJieZTQzCRzGRFZIwlJtp0VTUluItfXiads4brNNz783rzuqyjAkdwDKfgwgU04Q5a0AYCKTzDK7xZT9aL9W59zEdXrHLnEP7A+vwBA7mTTg==</latexit>
⌘<latexit sha1_base64="dPavJRm3dmgrNgQtiQ+CpDGFxio=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wF tKJvtpF272Y27m0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU1DJVFBtUcqnaIdHImcCGYYZjO1FI4pBjKxzdzvzWGJVmUjyYSYJBTAaCRYwSY6VmF59SNu6VK17Vm8NdJX5OKpCj3it/dfuSpjEKQznRuuN7iQkyogyj HKelbqoxIXREBtixVJAYdZDNr526Z1bpu5FUtoRx5+rviYzEWk/i0HbGxAz1sjcT//M6qYmug4yJJDUo6GJRlHLXSHf2uttnCqnhE0sIVcze6tIhUYQaG1DJhuAvv7xKmhdV36v695eV2k0eRxFO4BTOwYcrqMEd1KEBFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+A MI7jzw=</latexit><latexit sha1_base64="dPavJRm3dmgrNgQtiQ+CpDGFxio=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wF tKJvtpF272Y27m0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU1DJVFBtUcqnaIdHImcCGYYZjO1FI4pBjKxzdzvzWGJVmUjyYSYJBTAaCRYwSY6VmF59SNu6VK17Vm8NdJX5OKpCj3it/dfuSpjEKQznRuuN7iQkyogyj HKelbqoxIXREBtixVJAYdZDNr526Z1bpu5FUtoRx5+rviYzEWk/i0HbGxAz1sjcT//M6qYmug4yJJDUo6GJRlHLXSHf2uttnCqnhE0sIVcze6tIhUYQaG1DJhuAvv7xKmhdV36v695eV2k0eRxFO4BTOwYcrqMEd1KEBFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+A MI7jzw=</latexit><latexit sha1_base64="dPavJRm3dmgrNgQtiQ+CpDGFxio=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wF tKJvtpF272Y27m0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU1DJVFBtUcqnaIdHImcCGYYZjO1FI4pBjKxzdzvzWGJVmUjyYSYJBTAaCRYwSY6VmF59SNu6VK17Vm8NdJX5OKpCj3it/dfuSpjEKQznRuuN7iQkyogyj HKelbqoxIXREBtixVJAYdZDNr526Z1bpu5FUtoRx5+rviYzEWk/i0HbGxAz1sjcT//M6qYmug4yJJDUo6GJRlHLXSHf2uttnCqnhE0sIVcze6tIhUYQaG1DJhuAvv7xKmhdV36v695eV2k0eRxFO4BTOwYcrqMEd1KEBFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+A MI7jzw=</latexit><latexit sha1_base64="dPavJRm3dmgrNgQtiQ+CpDGFxio=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wF tKJvtpF272Y27m0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU1DJVFBtUcqnaIdHImcCGYYZjO1FI4pBjKxzdzvzWGJVmUjyYSYJBTAaCRYwSY6VmF59SNu6VK17Vm8NdJX5OKpCj3it/dfuSpjEKQznRuuN7iQkyogyj HKelbqoxIXREBtixVJAYdZDNr526Z1bpu5FUtoRx5+rviYzEWk/i0HbGxAz1sjcT//M6qYmug4yJJDUo6GJRlHLXSHf2uttnCqnhE0sIVcze6tIhUYQaG1DJhuAvv7xKmhdV36v695eV2k0eRxFO4BTOwYcrqMEd1KEBFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+A MI7jzw=</latexit>
S
<latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1 Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1Ktl gUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1 Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1Ktl gUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1 Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1Ktl gUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1 Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1Ktl gUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit>
L⌘˜
<latexit sha1_base64="FRwETIPN6p7GnF11pNZVB9vOJJU=">AAACA3icbVBNS8NAEN3Ur1q/ot70EiyCp5KIoMeiFw8eKthaaErZbKft0s0 m7E6EEgJe/CtePCji1T/hzX/jps1BWx8MPN6bYWZeEAuu0XW/rdLS8srqWnm9srG5tb1j7+61dJQoBk0WiUi1A6pBcAlN5CigHSugYSDgPhhf5f79AyjNI3mHkxi6IR1KPuCMopF69oEfUhwxKtKbrJf6yEUfUh+QZlnPrro1dwpnkXgFqZICjZ795fcjloQgkQmqdcdzY+ymVCFnArKKn2iIKRvT IXQMlTQE3U2nP2TOsVH6ziBSpiQ6U/X3REpDrSdhYDrzi/W8l4v/eZ0EBxfdlMs4QZBstmiQCAcjJw/E6XMFDMXEEMoUN7c6bEQVZWhiq5gQvPmXF0nrtOa5Ne/2rFq/LOIok0NyRE6IR85JnVyTBmkSRh7JM3klb9aT9WK9Wx+z1pJVzOyTP7A+fwAqgZh8</latexit><latexit sha1_base64="FRwETIPN6p7GnF11pNZVB9vOJJU=">AAACA3icbVBNS8NAEN3Ur1q/ot70EiyCp5KIoMeiFw8eKthaaErZbKft0s0 m7E6EEgJe/CtePCji1T/hzX/jps1BWx8MPN6bYWZeEAuu0XW/rdLS8srqWnm9srG5tb1j7+61dJQoBk0WiUi1A6pBcAlN5CigHSugYSDgPhhf5f79AyjNI3mHkxi6IR1KPuCMopF69oEfUhwxKtKbrJf6yEUfUh+QZlnPrro1dwpnkXgFqZICjZ795fcjloQgkQmqdcdzY+ymVCFnArKKn2iIKRvT IXQMlTQE3U2nP2TOsVH6ziBSpiQ6U/X3REpDrSdhYDrzi/W8l4v/eZ0EBxfdlMs4QZBstmiQCAcjJw/E6XMFDMXEEMoUN7c6bEQVZWhiq5gQvPmXF0nrtOa5Ne/2rFq/LOIok0NyRE6IR85JnVyTBmkSRh7JM3klb9aT9WK9Wx+z1pJVzOyTP7A+fwAqgZh8</latexit><latexit sha1_base64="FRwETIPN6p7GnF11pNZVB9vOJJU=">AAACA3icbVBNS8NAEN3Ur1q/ot70EiyCp5KIoMeiFw8eKthaaErZbKft0s0 m7E6EEgJe/CtePCji1T/hzX/jps1BWx8MPN6bYWZeEAuu0XW/rdLS8srqWnm9srG5tb1j7+61dJQoBk0WiUi1A6pBcAlN5CigHSugYSDgPhhf5f79AyjNI3mHkxi6IR1KPuCMopF69oEfUhwxKtKbrJf6yEUfUh+QZlnPrro1dwpnkXgFqZICjZ795fcjloQgkQmqdcdzY+ymVCFnArKKn2iIKRvT IXQMlTQE3U2nP2TOsVH6ziBSpiQ6U/X3REpDrSdhYDrzi/W8l4v/eZ0EBxfdlMs4QZBstmiQCAcjJw/E6XMFDMXEEMoUN7c6bEQVZWhiq5gQvPmXF0nrtOa5Ne/2rFq/LOIok0NyRE6IR85JnVyTBmkSRh7JM3klb9aT9WK9Wx+z1pJVzOyTP7A+fwAqgZh8</latexit><latexit sha1_base64="FRwETIPN6p7GnF11pNZVB9vOJJU=">AAACA3icbVBNS8NAEN3Ur1q/ot70EiyCp5KIoMeiFw8eKthaaErZbKft0s0 m7E6EEgJe/CtePCji1T/hzX/jps1BWx8MPN6bYWZeEAuu0XW/rdLS8srqWnm9srG5tb1j7+61dJQoBk0WiUi1A6pBcAlN5CigHSugYSDgPhhf5f79AyjNI3mHkxi6IR1KPuCMopF69oEfUhwxKtKbrJf6yEUfUh+QZlnPrro1dwpnkXgFqZICjZ795fcjloQgkQmqdcdzY+ymVCFnArKKn2iIKRvT IXQMlTQE3U2nP2TOsVH6ziBSpiQ6U/X3REpDrSdhYDrzi/W8l4v/eZ0EBxfdlMs4QZBstmiQCAcjJw/E6XMFDMXEEMoUN7c6bEQVZWhiq5gQvPmXF0nrtOa5Ne/2rFq/LOIok0NyRE6IR85JnVyTBmkSRh7JM3klb9aT9WK9Wx+z1pJVzOyTP7A+fwAqgZh8</latexit>
E1
<latexit sha1_base64="Bi34J8SYWq1KLtBcT2QBNyIgAIM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiCB4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw 3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD7d9r1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD23 6t1fVurXeRxFOIFTOAcPalCHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gC9741t</latexit><latexit sha1_base64="Bi34J8SYWq1KLtBcT2QBNyIgAIM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiCB4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw 3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD7d9r1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD23 6t1fVurXeRxFOIFTOAcPalCHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gC9741t</latexit><latexit sha1_base64="Bi34J8SYWq1KLtBcT2QBNyIgAIM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiCB4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw 3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD7d9r1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD23 6t1fVurXeRxFOIFTOAcPalCHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gC9741t</latexit><latexit sha1_base64="Bi34J8SYWq1KLtBcT2QBNyIgAIM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiCB4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw 3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD7d9r1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD23 6t1fVurXeRxFOIFTOAcPalCHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gC9741t</latexit>
E2
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FIG. 2. (Left): A noisy attenuator channel Lη,N mixes the
signal mode S with a background mode B in a thermal state of
energy N at a beamsplitter of transmittance η. (Right): Lη,N
can be realized as a cascade of a quantum-limited (environ-
ment modes E1 and E2 in vacuum) loss channel Lη˜ of trans-
mittance η˜ = η/G and optical parametric amplifier (OPA)
AG of gain G = (1− η)N + 1.
where PF = Pr[hˇ = 1|h = 0] is the false-alarm probabil-
ity and PM = Pr[hˇ = 0|h = 1] is the miss probability.
The lowest achievable Pe is given by the Helstrom limit
[25]:
Pe [ρ0, ρ1] = 1/2− ‖pi0ρo − pi1ρ1‖1 /2, (7)
where ‖X‖1 = Tr
√
X†X is the operator trace norm.
Since the trace norm is hard to calculate, we often resort
to bounds on it.
To be useful, a QI system must have a lower Pe than
the best classical ladar, i.e., a transmitter that is in a co-
herent state or mixture of coherent states possibly clas-
sically correlated with idler modes. In [3], it was shown
that no classical ladar with signal energy NS can have
an error probability lower than
P cle '
√
pi0pi1 exp
[
−ηNS
(√
NB + 1−
√
NB
)2]
. (8)
In particular, the exponent after the minus sign in
the above expression is the best possible for a classi-
cal ladar and ' ηNS/4NB in the regime NB  1.
In [3], it was also shown that the transmitter con-
sisting of M copies of the TMSV state |ψ〉ImSm =∑∞
n=0
√
NnS / (NS + 1)
n+1 |n〉Im |n〉Sm has error proba-
bility
PTMSVe '
√
pi0pi1 exp (−ηNS/NB) (9)
in the regime of signal brightness NS = NS/M  1 and
noise brightness NB  1, which is a 6 dB error exponent
advantage over the classical bound (8) at the same NS .
II. METHODS AND RESULTS
In this paper, we are interested in performance bounds
valid for arbitrary transmitters Ψ. A key tool we use is
the decomposition of the noisy attenuator channels ap-
pearing in (5) in terms of quantum-limited attenuators
3and amplifiers. Specifically, we can write Lη,N as the
concatenation (see Fig. 2)
Lη,N = AG ◦ Lη˜, (10)
with G = (1 − η)N + 1 and η˜ = η/G [26, 27]. Here
Lη˜ := Lη˜,0.
We also make much use of the fidelity between two
states ρ and σ of a quantum system defined as F (ρ, σ) =
Tr
√√
ρ σ
√
ρ, which is an important measure of close-
ness between quantum states [23]. The fidelity satisfies
the data processing inequality F (C(ρ), C(σ)) ≥ F (ρ, σ),
where C is any quantum channel [23].
A. Lower bound on QI error probability
We begin by using Eqs. (2) and (10) to write
L
ηh,N
(h)
B
= ANB+1 ◦ Lηh/(NB+1) ≡ ANB+1 ◦ Lη˜h . (11)
Then, for any Ψ, we use the data processing inequality
to get
F (ρ0, ρ1) ≥ F
([
idI ⊗ L⊗Mη˜0
]
(Ψ) ,
[
idI ⊗ L⊗Mη˜1
]
(Ψ)
)
(12)
≥
∑
n
pnµ
n, (13)
where µ =
√
1− η/(NB + 1), and the last inequality fol-
lows from the result of [28], Sec. II. Using the inequal-
ities Pe[σ0, σ1] ≥
(
1−√1− 4pi0pi1F 2 (σ0, σ1)) /2 ≥
pi0pi1F
2 (σ0, σ1) relating the Helstrom limit (7) and the
fidelity for any two states σ0 and σ1[29], we get the bound
PΨe ≥ pi0pi1
{ ∞∑
n=0
pn
[
1− η/(NB + 1)
]n/2}2
(14)
on the Pe of any Ψ. Further, convexity of the function
x 7→ µx and Jensen’s inequality give the Ψ-independent
bound
PQIe ≥ pi0pi1 exp (−βNS) , (15)
where we have defined the exponent β := − ln[1 −
η/(NB + 1)].
Eqs. (14)-(15) comprise our first result. (15) shows
that no QI system using signal energy NS can have an
error probability exponent greater than βNS . In the low-
background limit NB ' 0, we have that β ' η so the best
possible exponent ' ηNS . This matches that achieved by
a classical transmitter (8) and is consistent with earlier
no-go results for QI advantage in this regime [6, 28]. In
the high-noise regime NB  1, the optimum exponent
' ηNS/NB is attained by the TMSV QI system [3] (cf.
(9)).
(14) explains why a TMSV QI system must use a large
M in order to beat the classical performance (8) for any
NB . Intuitively, the right-hand side of (14) decreases
the more the distribution {pn} is concentrated around
its mean NS . The variance of the total signal photon
number equals NS (NS + 1) for TMSV QI, and is mini-
mized when the brightness NS → 0 for fixed NS . More
precisely, evaluating (14) gives:
PTMSVe ≥ pi0pi1
[
1 +NS
(
1−
√
1− η/(NB + 1)
)]−2M
.
(16)
Thus, for fixed M , the error probability of TMSV QI
cannot decay exponentially with NS . However, if M →
∞ for fixed NS , (16) allows the exponential scaling of
(15).
B. Targets exhibiting flat Rayleigh fading
At optical wavelengths, most target surfaces are rough
and our model of (1) involving deterministic and known
values for η and φ needs modification. For such targets,
one typically assumes a Rayleigh fading model [30, 31]
when h = 1 in which η and φ are independent random
variables with η distributed according to an exponen-
tial probability density P (η) of mean η (the average re-
flectance of the target) and φ uniformly distributed over
[0, 2pi). In addition, we will consider the flat fading limit
in which the values of η and φ do not vary over the M
signal modes. Such a model also describes optical propa-
gation through the atmosphere [32] and was used in [11].
With these assumptions, ρ1 in (5) is replaced by
ρ1 =
1
2pi
∫ 1
0
dη
∫ 2pi
0
dφP (η)
[
idI ⊗
(
Uφ ◦ Lη,N(η)B
)⊗M]
(Ψ)
(17)
while ρ0 remains the same as before. In (17), N
(η)
B =
NB/(1 − η) can vary greatly with η, but the model is a
good approximation provided that η  1, as is the case
in practice.
With some more work (see Appendix A for details),
the approach of Sec. II A can be extended to give the
lower bound
PQI;fadinge ≥ pi0pi1/ [1 + ηNS ln (1 + 1/NB)] (18)
for any transmitter with signal energy NS . We see that
for fading targets the error probability no longer decays
exponentially with NS , generalizing the result of [11] de-
rived for TMSV QI in the NS  1, NB  1 regime.
In the same regime, it was shown that the sum fre-
quency generation receiver of [10] can in principle achieve
PTMSVe ' pi1/ [1 + ηNS/NB ] for ηNS/NB  1, while the
best classical transmitter has a Pe that is greater by a
factor ' ln (ηNS/NB) [11]. Comparing with (18), we see
that the TMSV performance is essentially optimal over
all transmitters with the same NS .
4C. Estimation of target reflectance
Finally, we consider the problem of estimating the re-
flectance η  1 of a detected specular target. The setup
of Fig. 1 applies except that a target is known to be
present and the joint quantum measurement of the re-
turned signal and idler modes is aimed at generating an
estimate ηˇ of the target reflectance η. Instead of (5), we
have a family of density operators {ρη} given by
ρη =
[
idI ⊗
(Uφ ◦ Lη,N(η)B )⊗M] (Ψ) , (19)
where, as before, Ψ is a general energy-constrained M -
mode transmitter, N
(η)
B = NB/(1 − η), and φ is as-
sumed to be known. The mean squared error MSEη =
E
[
(ηˇ − η)2
]
of any unbiased estimator ηˇ of η obeys the
quantum Crame´r-Rao bound [1, 25]:
MSEη ≥ K−1η =
[
− 4 ∂2F (ρη, ρη′)/∂η′2∣∣η′=η]−1, (20)
where Kη is the quantum Fisher information (QFI) on
η, and the equality relating QFI to fidelity is due to [33].
Using data processing arguments similar to those used
for our target detection results, we can derive the upper
bound
KQIη ≤ NS/ [η(NB + 1− η)] (21)
on the QFI valid for any Ψ, and the upper bound
Kclη ≤ NS/ [η(2NB + 1)] (22)
on the QFI of any classical transmitter which is achieved
using coherent states (see Appendix B for details). For
NB = 0, (21) recovers the result of [34] that is valid for
all η and is achieved by a large class of transmitters. For
NB > 0 and η  1, it is close to the upper bound on the
QFI given in [9], but derived only for iid transmitters. In
the presence of excess noise, (21) need not be saturable,
but it was shown (see Eq. (6) of [9][35]) that the QFI of
an M -mode TMSV transmitter is
KTMSVη = [NS(1 +NS)] / [η (2NSNB +NS +NB + 1)] .
(23)
In the low-brightness limit NS → 0, (23) approaches the
bound (21) for all values ofNB when η  1. Moreover, as
argued in [9], this bound is achieved by the OPA receiver
of [7]. From Eqs. (21)-(23), we see that the advantage
of using quantum transmitters in the η  1 regime is
limited to at most a factor of 2 in the MSE.
III. DISCUSSION AND OUTLOOK
Our discussion of QI target detection falls within the
Bayesian paradigm in which prior probabilities are as-
signed to the two hypotheses. Target detection is of-
ten described in the alternative Neyman-Pearson setting
[25, 30] in which one asks for the best achievable detection
probability PD = 1−PM for given PF (which determines
the so-called Receiver Operating Characteristic (ROC)).
Various receivers for the TMSV transmitter have been
studied in [12, 13, 19] in this paradigm, while [14] proved
an asymptotic optimality result for TMSV QI. We note
that the fidelity lower bounds developed here can be used
to place upper bounds on the ROC curve of arbitrary QI
transmitters (see, e.g., [36, 37]). We can also ask if adap-
tively chosen transmitter states can help in QI target
detection – some suggestive results in this direction have
appeared in [22, 38, 39].
Our reflectance estimation results show that the gain
in using quantum transmitters is modest when η  1.
It is therefore interesting to explore quantum limits in
detection and estimation in the region of moderate η and
NB , which is relevant to applications like quantum read-
ing [40].
While further study of nonidealities in QI systems is
necessary to assess their performance in real-world situa-
tions [19], our study delineates their ultimate capabilities
for all ranges of system parameters.
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Appendix A: Targets exhibiting flat Rayleigh fading: Error probability lower bound for QI
We asserted in Sec. II B of the main text that, for targets exhibiting flat Rayleigh fading, the density operators of
the joint return-idler system when the target is absent and present are given by
ρ0 =
[
idI ⊗
(
L⊗M0,NB
)]
(Ψ) , (A1)
ρ1 = (1/2pi)
∫ 1
0
dη
∫ 2pi
0
dφP (η)
[
idI ⊗
(
Uφ ◦ Lη,N(η)B
)⊗M]
(Ψ) (A2)
respectively. It is usual in the classical radar literature to assume that
√
η has a Rayleigh distribution – see, e.g.,
Sec. 4.4.2 of [30]. Then η itself has the exponential probability density P˜ (η) = (1/η) exp (−η/η) supported on η ≥ 0.
Strictly speaking, the probability that η > 1 should be zero since the target is a passive reflector. However, the above
model is an excellent approximation classically as long as η  1, which is usually the case in practice.
Quantum mechanically, however, Eq. (1) of the main text does not represent a physically possible transformation
if η > 1. To deal with this issue, we replace P˜ (η) with the truncated exponential density
P (η) =
{
exp (−η/η) / [η (1− e−1/η)] if η ∈ [0, 1]
0 if η ≥ 1. (A3)
Again, if η  1, the discrepancy between (A3) and P˜ (η) is slight. It is the probability density (A3) that appears in
(A2) and Eq. (17) of the main text.
We can now proceed to develop our error probability lower bound. First, we observe that the squared fidelity
F 2(ρ, σ), like F (ρ, σ) itself [23], is concave in each of its arguments [41], so that we can write
F 2(ρ0, ρ1) ≥ (1/2pi)
∫ 1
0
dη
∫ 2pi
0
dφP (η)
× F 2
{
ρ0,
[
idI ⊗
(
Uφ ◦ Lη,N(η)B
)⊗M]
(Ψ)
}
.
(A4)
Noting that the fidelity appearing in the integrand is φ-independent, we can apply the inequalities of Eqs. (12)-(13)
of the main text to the fidelity and the bound Pe [σ0, σ1] ≥ pi0pi1 F 2 (σ0, σ1) used earlier to get the lower bound
PΨ;fadinge ≥ pi0pi1
∫ 1
0
dη P (η)
[ ∞∑
n=0
pn
(
1− η
NB + 1
)n/2]2
(A5)
on the average error probability of detecting a fading target. For any given transmitter Ψ with corresponding {pn},
the right-hand side can be evaluated analytically in some cases, and numerically otherwise.
We can further derive an analytical transmitter-independent bound as follows. Applying Jensen’s inequality to the
quantity in brackets in (A5) gives
PΨ;fadinge ≥ pi0pi1
∫ 1
0
dη P (η)
(
1− η
NB + 1
)NS
. (A6)
For NB > 0 and 0 ≤ η ≤ 1, we have 1 − η/(NB + 1) ≥ exp(−γη), where γ = ln(1 + 1/NB) is chosen such that the
graph of exp(−γη) intersects that of 1− η/(NB + 1) at η = 0 and η = 1. Substituting this lower bound into (A6) and
evaluating the integral gives
PQI;fadinge ≥ pi0pi1
1− exp (−γNS − 1/η)
[1− exp (−1/η)] (1 + ηγNS) , (A7)
≥ pi0pi1
1 + ηγNS , (A8)
which is Eq. (18) of the main text.
7Appendix B: Estimation of target reflectance
As described in Sec. II C of the main text, for any transmitter Ψ, the density operator ρη of the returned signal
and idler modes conditioned on the target reflectance having the value η is given by
ρη =
[
idI ⊗
(
U⊗Mφ ◦ L⊗Mη,N(η)B
)]
(Ψ) , (B1)
=
[
idI ⊗
(
U⊗Mφ ◦ A⊗MNB+1 ◦ L⊗Mη/(NB+1)
)]
(Ψ) , (B2)
where we have used the decomposition of Eq. (10) of the main text. Now note that the quantum channel U⊗Mφ ◦A⊗MNB+1
that is applied ‘downstream’ to the S system is η-independent, and can be realized by coupling an ancilla mode A
in a fixed state to the S system and evolving the joint system under a fixed unitary (this is the so-called Stinespring
dilation of a quantum channel [23]). The monotonicity property of the QFI [42] then implies that the QFI on η
achieved by making a measurement on the joint ISA system is at least as much as that on the IS system alone. On
the other hand, the invariance of QFI under a known η-independent unitary transformation implies that the former
value equals the QFI on η of the state family
ση =
[
idI ⊗ L⊗Mη/(NB+1)
]
(Ψ) . (B3)
We have thus reduced the problem to maximizing the QFI on η for the outputs {ση} of pure-loss channels under an
energy constraint on the S modes. This problem was solved in [34] (cf. Eq. (14) therein), and transforming variables
in that result gives the upper bound
KQIη ≤
NS
η (NB + 1− η) (B4)
for the QFI of any transmitter Ψ for any value of the excess noise NB , which reproduces Eq. (21) of the main text.
Consider a single-mode coherent-state transmitter |ψ〉S =
∣∣√NS〉S of energy NS . In order to evaluate the QFI on
η, we first calculate the fidelity between the states ρCSη and ρ
CS
η′ of (B1) for any two values η and η
′. Using known
results on the fidelity between Gaussian states (see e.g., Eq. (3.7) of [43]), we have
F
(
ρCSη , ρ
CS
η′
)
= exp
[
−
(√
η′ −√η)2NS
4NB + 2
]
(B5)
The QFI then follows as
KCSη = −4
∂2F
(
ρCSη , ρ
CS
η′
)
∂η′2
∣∣∣∣
η′=η
=
NS
η(2NB + 1)
. (B6)
The additivity of the QFI for product states [42] and the linearity of the coherent-state QFI (B6) in the energy imply
that (B6) is also the QFI of a multimode coherent state of total energy NS . Finally, any classical-state transmitter
can be written as
ρ =
∫
CM
d2MαI
∫
CM
d2MαS , P (αI ,αS) |αI〉 〈αI |I ⊗ |αS〉 〈αS |S , (B7)
where αS =
(
α
(1)
S , . . . , α
(M)
S
)
∈ CM indexes M -mode coherent states |αS〉S of S, αI =
(
α
(1)
I , . . . , α
(M)
I
)
∈ CM
indexes M -mode coherent states |αI〉S of I, and P (αI ,αS) ≥ 0 is a probability distribution. An average signal
energy constraint of NS implies that P (αI ,αS) should satisfy∫
CM
d2MαI
∫
CM
d2MαS , P (αI ,αS)
(
M∑
m=0
∣∣∣α(m)S ∣∣∣2
)
= NS . (B8)
The convexity of the QFI [44], its invariance under adjoining an idler system in an η-independent state, and the
linearity of the QFI (B6) in the energy then imply that the QFI of any classical probe satisfies
Kclη ≤
NS
η(2NB + 1)
, (B9)
which is Eq. (22) of the main text.
